We discuss the Dirac equation and its solution in presence of solenoid (infinitely long) field in 3+1 dimensions. The Hamiltonian is not self adjoint in the usual domain. So we discuss about the possible self adjoint extension to make sure the correct evolution of the Dirac spinor. The extended domain shows the bound state and scattering state solution.
Introduction
The magnetic field of an infinitely long solenoid is immensely important for various reasons. For example, it is used to study the Aharanov-Bohm [1] effect. Similarity with this field also helps one to understand the physics of cosmic strings [2] . It is therefore important to study the quantum mechanics of a Dirac fermion in the field of an infinitely long solenoid, which is what we do in the present article.
Several studies have been performed on Dirac particles in magnetic fields. The solution in a uniform field [3] is known for a long time. For a solenoidal background, the Dirac equation has been solved in 2+1 dimensions [4, 5, 6] . It shows that a self-adjoint extension of the Dirac Hamiltonian is necessary to obtain the solutions. In 3+1 dimensions, selfadjoint extension of the Dirac Hamiltonian has also been studied [7] , but it involves a δ-sphere potential rather than solenoid interaction.
Our aim is to solve the Dirac equation in 3+1 dimension in the background field of an infinite solenoid. This will enable us to obtain all four solutions of Dirac equation. We find that a self-adjoint extension is necessary for this case as well.
The paper is organized as follows: In Sec. 2, we state the problem and get a general solution for it, constants of which are yet to be determined. In Sec. 3, we state the usual symmetric boundary condition using regularity and square integrability argument and we perform the required self adjoint extension. In Sec. 4, we discuss the bound states of the radial Hamiltonian and we get the bound state condition. In Sec. 5, we discuss the scattering states of the radial Hamiltonian and get the corresponding condition for it. We conclude in Sec. 6.
Solutions of the Dirac equation in solenoid field
Due to the cylindrical symmetry of the problem it is better to use the cylindrical polar coordinate system, where the spatial coordinates are denoted by r, φ, z. In any orthogonal coordinate system, the Dirac equation for a particle with charge eQ and mass M can be written as [8] 
where h ′ i s are scale factors of the corresponding coordinate satem. In our case since we are using cylindrical coordinate system, h 1 = 1, h 2 = r, h 3 = 1. the derivativeD µ = (h µ ) −1 ∂ µ , where no summation over µ is implied here and A µ is the infinitely long solenoid vector potential, A = α rφ . One can make a conformal transformation [9] , which reduces Eq. (2.1) to simpler form with zero spin connection as
where the relation between Ψ r and Ψ is
The new wavefunction Ψ should be normalized according to
We take the trial solution of the Dirac equation of the form
where φ and χ are 2-component objects. We use the Pauli-Dirac representation of the Dirac matrices, in which
where each block represents a 2 × 2 matrix, and σ are the Pauli matrices. With this notation we can write Eq. (2.2) as
Eliminating χ, we obtain
There will be two independent solutions for φ(r), which can be taken, without any loss of generality, to be the eigenstates of σ z with eigenvalues s = ±1. This means that we can choose two independent solutions of the form
For s = +1, this can be written as a Bessel differential equation [10] of the form
where
14)
The solution of this equation is of the form
or any linear combination of these functions with constant coefficients. From Eq. (2.8), we can now find the two lower components and write the spinor as
where the normalization has not been specified. For s = −1, Eq. (2.11) can also be written in the standard form of the Bessel differential equation, with ν replaced by ν + 1 in Eq. (2.12). The solution can be obtained similarly for this case, and the result is
A similar procedure can be adopted for negative frequency spinor. In this case, it is easier to start with the two lower components first and then find the upper components. The results are:
3 Self-adjoint extension of radial Hamiltonian
Our eigenvalue equation, which can be obtained from Eq. (2.2) is
where radial Hamiltonian is given by
and
H(r) is an unbounded differential operator in 0 ≤ r < ∞. It is symmetric on the domain D(H) = {ψ(r) : ψ absolutely continuous, square integrable on the half line with measure dr and goes to zero at origin} , (3.4) which means that, for ψ 1 and ψ 2 belonging to this domain, the radial Hamiltonian H(r) satisfies the condition
In domain Eq. 
ν is same as Eq. (2.14) and N is the normalization constant. Here we have written φ ± for up spinor (particle state) only. Similarly we will get φ ± for all other spinors. Since we will do our calculation for spin up particle state only, Eq. (3.7) is sufficient for us. π) , (−2π < arg z < π) (3.10)
we find that the upper end of the integrals for evaluating the norms of φ ± are finite for any ν. However, near r = 0, the Hankel function behavior can be found by using
Considering all components of the spinor in Eq. (3.7), we find that φ ± is square integrable only in the range
Since beyond this range there is no square integrable solution φ ± , the deficiency indices which are dimensions of the eigenspace D ± , defined by
are zero there, i.e,
The closure of the operator H(r) is the self-adjoint extension for the case Eq. (3.14). We should therefore concentrate in the range Eq. (3.12) for carrying out self-adjoint extension. The existence of complex eigenvalues for H † (r) emphasizes the lack of selfadjointness. The self-adjoint extensions of H(r) are labeled by the isometries D + → D − , which can be parameterized by
The correct domain ( It is better to call projection of the domain on spin up particle state direction rather than only domain because we are concentrating on spin up particle state only here ) for the self-adjoint extension H ω (r) of H(r) is then given by 
where B is the normalization constant,
To find out bound state eigenvalue we have to match the limiting value r → 0 of spinor of Eq. (4.1) with the limiting value r → 0 of the domain Eq. (3.16). For the sake of simplicity, we set p z = 0 before matching at the origin. The relevant range of ν is given in Eq. (3.12) . In this range, the leading r-behaviour of the domain Eq. (3.16) for small r is given by
and the leading term of the spinor Eq. (4.1) is
, the coefficient of leading powers of r in Eq. (4.2) and Eq. (4.5) must match. So we get
(4.8)
Dividing Eq. (4.8) by Eq. (4.9) we get the eigenvalue equation, which is,
The left hand side of Eq. (4.10) is positive. So right hand side should be positive and to ensure that we need the condition cot(
) < −1, which is the bound state condition. Similarly we can get all other spinors for bound states.
Scattering state solutions of radial Hamiltonian
The scattering state spinor of spin up particle is 
and the limit r → 0 of Eq. (3.16) is given in Eq. (4.2). Again equating the respective coefficients we get 
Clearly the condition that the state will be scattering state is
Similarly we can get all other spinors for scattering states. We now want to show the relation between scattering state and bound state [12, 13] for completeness of our calculation. To calculate that we need to expand Eq. (5.1) in the limit r → ∞. The leading term in the asymptotic expansion of U + (r, p z ), without normalization is given by
Now it is easy to see from the asymptotic expansion Eq. (5.8) that e −iλr blows up on the positive imaginary λ-axis but the other part e iλr decays exponentially there. So it reasonable to set the coefficients B(λ) and D(λ) zero for purely positive imaginary λ to get square integrable behavior at ∞. This corresponds to bound state. Using Eq. (5.6) and Eq. (5.8) it can be shown that the bound state eigenvalue is again given by Eq. (4.10). Similarly it can also be shown that for purely negative imaginary λ it is reasonable to set the coefficients A(λ) and C(λ) zero in order to get bound state solution.
Conclusion
In this paper we have calculated the solution of the Dirac equation in the field of an infinitely long solenoid. We have shown that there are bound state and as well as scattering state solutions. We have shown only spin up particle state details in self-adjoint extension in our calculation, but for all other spinors calculations are similar. One point we want to mention is that, when ν = 0, the solution of H † φ ± = ±iMφ ± involves r 1 2 H 1 1 (iλ 1 r), which is not square integrable at the origin, evident from the expansion Eq. (2.17). So at ν = 0 deficiency indices are zero, i.e, n + = n − = 0, that means closure of domain is the self-adjoint extension for ν = 0. As in [12, 13] we have shown that there is a relation between scattering state and bound state and it occurs for the purely imaginary value of λ.
